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ABSTRACT 
 

Many turbulent flow processes of engineering 
importance exhibit highly complex interacting phenomena, 
such as mixing, heat and mass transfer, chemical reaction, 
etc. In curved ducts of relevance in heat exchangers, cooling 
passages of gas turbines and automobile engines, turbulent 
flow and heat transfer give rise to the existence of so-called 
“camel back” shapes in the streamwise mean velocity and 
temperature distribution of the curvature. In swirled 
combustion flows, turbulent flow and mixing are dominated 
by an extremely 3-D complex behavior of great interest for 
many combustion engines purposes. Both cases are complex 
configurations and challenging for turbulence models. In 
this paper the ability of advanced explicit algebraic 
formulation to capture such flow and mixing properties 
using economical costs required for engineering design 
purposes is successfully demonstrated. 

 
INTRODUCTION 

 
For many industrial and engineering purposes statistical 

modeling will continue to be the main approach to 
representing the effects of turbulent processes in CFD for 
technical flows regardless of recent progress in Large Eddy 
Simulation (LES) and novel development of statistical 
closures at a level higher than the first order (Leschziner, 
2003). The computer resources needed and the rising trends 
in reducing the cost of ownership and in shortening the time 
to design, development and product commercialization will 
compel this practical way at least for several decades, 
especially in relation to flows that are strongly affected by 
viscous near-wall processes (Pope, 2001). The most of 
confined flows belong to this flow class. In order to simplify 
and adjust advanced low order models for a common use in 

industrial CFD some improvements at the eddy-
viscosity/diffusivity level have been recorded in recent years 
leading to a whole category of non-linear eddy-
viscosity/diffusivity based models on the one hand (Craft et 
al. 1996). The main challenge posed by these models is the 
large number of model coefficients they involve, and hence 
the strong sensitivity of their performance to coefficient 
calibration. On other hand, various and complex algebraic 
formulations emerge from the inversion of implicit algebraic 
forms of the Reynolds stress/Scalar flux vector transport 
equations to yield explicit forms (Wikström et al. 2000, 
Sadiki et al. 2003). This model class does not suffer from the 
calibration weakness and represent a compromise between 
the first class mentioned and the parent transport equations. 
However, in describing flows relative to non-inertial frames 
or in flows where local rotation rate effects of the flows are 
not fixed, the assumptions used to gain the appropriate 
implicit forms are ambiguous and mainly physically 
inconsistent (Gatski et al., 2004, Sadiki et al. 2003). Etemad 
et al. (2003) applied different non-linear models to simulate 
the U-bend duct flow and mixing, but fail in capturing the 
“camel back” shapes. Although Suga (2002) used the 
differential Reynolds stress tensor/scalar flux transport 
equations models for numerical computations of the U-bend 
duct, only advanced formulations could do a good, but 
costly job. Furthermore, no detailed discussion about the 
secondary motions and their impact was presented. With 
regard to combustor flows Jakirlic et al. (2004) used models 
of second order level for flow and mixing fields, and carried 
out 2-D simulations of swirled combustor flows. From the 
results it appeared that only advanced models are able to 
predict satisfactorily some properties while other features 
remain out of scope.  

The question is now how to use these advanced 
considerations in cost-saving explicit algebraic formulations 



for the calculations of complex configurations. In this work, 
the explicit algebraic Reynolds stress model (EARSM) of  
Sjögren and Johansson (2000) is extended in a consistent 
way by including nonlinear pressure strain rate, anisotropy 
dissipation and curvature correction terms. In case of curved 
duct a special Low-Re variant of this improved EARSM is 
applied.  To simulate mixing and heat transfer processes a 
thermodynamically consistent extension of the explicit 
algebraic scalar flux model (EASFM) by Wikström et al. 
(2000) is applied following Sadiki et al. (2003).   

 
GOVERNING EQUATIONS 

 
The turbulent mean flow of a viscous, incompressible 

fluid is governed by the Reynolds-averaged continuity and 
Navier-Stokes equations 
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where '
j

'
iij uu=τ  is the unclosed Reynolds stress tensor and 

ig  is the gravitation force. The scalar field is described by a 
scalar equation of the form: 
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where '
j

'
j uQ φ=  is the unclosed turbulent scalar flux and 

S   the source term (e.g. chemical reaction). The latter is not 
considered here. The formulations of closure relations for 
the Reynolds stress tensor  ijτ  and the turbulent flux vector 

jQ   are based on explicit algebraic methodology.       
        Focused on the anisotropy stress tensor 

ij
'
j

'
iij kuua δ3/2/ −=  and the turbulent flux vector jQ , the 

modeled expressions derived  from the parent transport 
equations from which the transport of Reynolds stress tensor 
and scalar flux vector have to be removed in keeping the 
production term. 

Assuming weak equilibrium in the parent transport 
equations the following expressions  
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emerge for the anisotropy tensor and the turbulent scalar 
flux vector, respectively. It is well known that strong 
curvature effects form a bottleneck for implicit and explicit 
algebraic models, also at the second order level modeling. 
Due to the inability of linear formulations for the pressure-
stress relation, and the isotropic assumption for the turbulent 
dissipation tensor to well predict the main characteristics of 

the flow described above a nonlinear pressure-strain relation 
by Speziale et al. (1991), a curvature correction by Wallin 
and Johansson (see Gatski et al., 2004) and the anisotropy 
dissipation by Sjögren and Johansson (2000) have been 
considered.  The resulting expression for the anisotropy 
tensor is:  
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where ∗Ω  is the curvature corrected vorticity tensor 
following Girimaji (1997), S  the normalized symmetric 
part of the velocity gradient and 
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jkkjjkij SSSV ΩΩ=Ω= 22   
 
are invariants. The anisotropy tensor is written in matrix 
form in (6). The detailed EARSM solution can been found  
in Wallin (2000). The unknown model coefficients, β, were 
determined following Sadiki et al. (2003)  on the basis of 
Wallin (2000). 
      For the turbulent scalar flux it results: 
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where the tensor ijB  is an explicit function of the mean flow 
gradient normalized by turbulence time  scale, the 
production to dissipation ratio, and the time scale ratio r : 
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where B is written in matrix form and I  is the identity 
matrix.  Moreover,   
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All model coefficients are summarized in Tab. 1. 
 
Table 1: Models coefficients. 
 

1A  2A
 

3A  4A  1φc  2φc  3φc  4φc  

1.2 0 1.8 2.25 4.46 -0.5 0.02 0.08 



To account for the effects near the wall the Low-Re 
variant of EARSM is applied, where the anisotropy tensor is 
modified by the dump function along the line of Craft et al. 
(1996):             

                     
           ( ) ( )[ ]22/1 400/Re90/Reexp1 ttf −−−=μ ,           (14) 

 
where tRe  is the local Reynolds number. As reference 
model the Low-Re k - ε  model of Chien (1982) is 
considered.   

 
APPLICATIONS  

 
The first configuration investigated here is known as 

ERCOFTAC-test case in the interest group “Refined 
turbulence modeling” to emphasize the joint effects of 
geometry confinement and swirling on turbulent flow and 
mixing. Experimentally investigated by Roback et. al. 
(1983) it is characterized by a small swirl number 45.0=S  
(Fig. 1). The boundary conditions used correspond to the 
experimental data. The details of geometrical parameters are 
presented in Fig. 2, while all flow parameters are 
summarized in Tab. 2. In addition to the mean flow and 
turbulence fields, the experiment provided also the results 
for mean scalar (mixture fraction), scalar variance and scalar 
fluxes.  

 

 
Figure 1: Swirled flow with small swirl number. 

 

Figure 2: Description of combustor geometry ( 45.0=S ). 
 

Table 2: Flow parameters. 
 

 Primary 
inflow 

Secondary 
(swirled) inflow 

Re 15900 47500 
Mean axial velocity 
(m/s) 

0.66 1.52 

Mass flow rate 
(kg/s) 

0.391 3.331 

Swirl number, S 0.0 0.45 
Length scale 0.008 0.0045 
Density (kg/m3) 1000 
Viscosity (Pas) 9.84⋅10-4 

 

The numerical grid used consisted of 80000 CV’s. One 
of the most distinct features for this configuration is the 
formation of the central toroidal recirculation zone and the 
corner recirculation zone. Concerning the global flow 
pattern, both recirculation zones and reattachment point are 
better predicted with the models used (Fig. 3) than with the 
RSM by Jakirlic et al. ( 200=x mm) in comparison to 
experimental data (reattachment point of 160=x mm 
measured). 

 

 
Figure 3: Streamlines in the combustor chamber with 
small swirl number. 

 
In Fig. 4-6 three components of velocity achieved with 
ε−k  and EARSM are presented in comparison with 

experimental data. It can be seen that both models deliver 
good results for all components velocities after the 
reattachment point 160=x  mm. In recirculation zone 
( 160...20=x  mm), the EARSM appears to be more 
accurate than the ε−k  model. However the joint effects of 
the high expansion ratio ( 1.2=ER ) and swirling inflow 
contribute to the surprisingly good cut off of the standard  

ε−k  model after 200=x  mm. It must be mentioned that 
both the onset of the free separation zone and its length are 
correctly predicted by the advanced EARSM. 

 

 
Figure 4: Mean axial velocity: comparison with experiment. 

 
 

 
Figure 5: Mean radial velocity: comparison with experiment. 

 



 
Figure 6: Mean tangential velocity: comparison with 

experiment. 
 

The same prediction behavior can be observed for the 
kinetic energy (Fig. 7). 

 

 
Figure 7: Turbulent kinetic energy: comparison with 

experiment. 
 

With regard to the scalar field some results calculated 
by using the simple gradient model and the advanced 
EASFM for the mixing transport are displayed in Fig. 8-9 in 
comparison with experimental data.  

 

 
Figure 8: Mean mixture fraction: comparison with 

experiment. 
 

The mean quantities are well predicted by both models 
as shown in Fig. 8. The change in profiles of mixture 
fraction indicates a rush spreading of the central stream i.e. 
very intensive mixing, which is completed already after 
three step heights ( 83.0/ =Dx ). Fig. 9 shows the evolution 
of the scalar flux obtained by using the advanced EARSM 
for the scalar transport model. The calculations with the 
advanced EARSM/EASFM result in a high negative value 
of the scalar flux in the outer part of the mixing layer, 
agreeing well with LES data (Pierce et al., 1998) and RSM 
(Jakirlic et al., 2004)  in contrast to experiments. The results 
presented here however are better than that obtained using 
two dimensional RSM.  

The second test case is the flow in U-duct channel. The 
geometry and numerical grids are shown in Fig. 10. This 
configuration was investigated experimentally by Chang et. 
al. (1983). Detailed measurements of the flow, temperature 
and Nusselt number by Johnson and Lauder (1985) made 
this U-bend an important and well-documented generic case 
for validation of numerical models for heat transfer 
applications. 

 
Figure 9: Mean scalar flux: comparison with experiment. 

 
Johnson and Lauder used a D72  (D: the mean hydraulic 
diameter) long straight inlet and a D72  long straight outlet 
in order to achieve similar flow field as the one measured by 
Chang et. al. Constant wall heat flux was applied to the last 

D57  upstream the bend, the bend itself and the first D42  
downstream the bend. The geometrical and fluid dynamic 
parameters are summarized in Table 3. 

 
Table 3: Geometrical and fluid dynamic parameters.  
 

D, mm U, m/s Re Rc/D CV 
88.9 8.93 56700 3.357 200000 

 
 

 
Figure. 10: Numerical setup of U-duct channel. 

 
To get full developed turbulent flow before the turning, a 
square channel of D100  is used. To save computational 
time symmetry boundary conditions in the middle of 
channel are used (Fig. 10, b).  
The grids were refined near the wall so that the first point is 
found at 1=+y . Prior numerical investigations of this 
configuration reported that models with wall function could 
not predict precisely the heat exchange on the wall. In the 
present work, an advanced model including a Low-Re 
formulation of EARSM/EASFM with curvature correction, 
anisotropy dissipation and nonlinear pressure strain rate is 
used for the velocity and temperature field, respectively. 

In the following, results obtained with this model will 
be presented in comparison with the linear model and with  
experiments. In Fig. 11 the absolute velocity profiles are 
exhibited at different axial positions. 

 

 
Figure 11: Mean absolute velocity on the symmetry plane. 

 



Both models prediction achieves satisfactory agreement 
with experimental data, but the advanced model predicts 
accurately secondary streamlines effect in square channel 
that allows to get better results for U-duct also (see Fig. 12). 
It is worth mentioning that the center of the recirculation 
zone predicted lies at 35.0/ =Hy  where the pick is found 
in Fig. 13 and 14 for the (mean) velocity and temperature 
field, respectively. 

 

 

 
Figure 12: Secondary streamlines by ε−k  (above) and 

advanced EARSM (below). 
 
This is obviously visible in section °= 90φ . The 

velocity profile for this section is shown in Fig. 13. It can be 
seen clearly that the advanced EARSM predicts better the so 
called “camel effect”. 

 

 
Figure 13: Mean absolute velocity in section °= 90φ . 
 
Regarding the scalar transport, the temperature profiles 

are shown at different axial positions in Fig. 14. 
 

 
Figure 14: Mean temperature on the symmetry plane. 

 
The same characteristics of the prediction behavior is 

observed for the advanced EASFM in comparison with the 
standard linear model. 

Concerning the heat transfer prediction, the calculated 
local Nusselt numbers at the sections of °= 0φ , °45 , °90 , 

°135 , °180  are, respectively, compared with experimental 
data in Fig. 15. The levels of general agreement between the 
models and the experiments are fairly reasonable though 

some discrepancies can be found.  In regions of the inner 
wall EASFM is obviously better. This is also the case right 
at the section °= 0φ , o45  in all regions. 
 

 
Figure 15: Local Nusselt number obtained using Low-Re 

ε−k  model and advanced EARSM. 
 

CONCLUSION 
 

To assess the advanced models used several aspects 
were investigated and following concluding remarks can be 
made: 
       1. The combination of advanced EARSM/EASFM 
allows to predict satisfactorily flow processes with mixing 
and heat transfer phenomena in complex configurations 
without numerical problems inherent to second order level-
models. 
       2. In curved ducts of relevance in heat-exchangers, 
cooling passages of gas turbines and automobile engines, the 
existence of the so-called “camel back” shapes in the 
streamwise mean velocity and temperature distribution in 
the curvature has been predicted well, in contrast to linear, 
nonlinear ε−k  models and some models of second order 
level. 
        3. In swirled confined flows, turbulent flow and mixing 
processes dominated by the joint effects of geometry 
confinement (expansion ratio), circumferential velocity  and 
swirl intensity (S) are satisfactorily described. Some results 
(turbulent scalar flux) are better than computations using 
second order level-models. 
       4. Dealing with configurations exhibiting strong wall 
effects, Low-Re approach is recommendable, as shown in 
this work. In such cases, LES can not be high performance. 
Therefore, the approach to get around the LES bottleneck 
tends remain the hybrid LES-RANS, in which RANS is used 
near wall while LES is utilized in the remaining part of the 
domain.  
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